We propose and design a new adaptive sound absorption metamaterial targeting broadband airborne noise at extremely low frequencies. The metamaterial consists of two piezoelectric smart elements: a circular aluminum membrane with surface-bonded piezoelectric films controlled by shunting circuits enclosed with an air cavity for nearly total acoustic absorption at narrow-band frequencies; a hybrid-circuit shunted piezoelectric stack which is mechanically grounded attached to the center of the membrane for purely stiffness control to broaden this highabsorption bandwidth. A piezoelectric-structural-acoustic coupled model is firstly developed to evaluate the sound absorption of the metamaterial. We then perform analytical and numerical tests on metamaterials with and without the piezoelectric stack to design a metamaterial with broadband absorption at desired low frequencies. The underlying adaptive mechanism is to automatically regulate the effective acoustic resistance and reactance of the metamaterial to achieve impedance match conditions, according to different frequencies of inputs. Our numerical results demonstrate that the absorption coefficient of the adaptive metamaterial can be greater than 0.9 in the frequency region, 112-236 Hz with the relative bandwidth being around 0.7. The metamaterial thickness is 30 mm, which is nearly 1/65.6 wavelength of the central frequency of the absorption band. The proposed adaptive metamaterial may open a new avenue towards broadband sound absorption at extremely low frequencies.
Introduction
Airborne noises in our daily life produce a lot of trouble to both human's physical and mental health. To tackle this issue, various types of soundproof materials and/or structures for noise-control applications have been developed [1] [2] [3] [4] [5] [6] . For example, foam materials [1] or micro-perforated plates [2, 3] , which have been widely implemented in industrial applications, absorb sounds by viscous damping that happens in microscales. For linear responses, the frictional force is proportional to the particle oscillation rate; hence, the dissipative power will be extremely weak at low frequencies. To effectively dissipate low-frequency sounds, foam materials have to be very bulky as dictated by the causality principle [7] . Designing light-weight and compact materials for broadband low-frequency sound absorption is therefore highly desirable, which, however, presents strong challenges nowadays.
Acoustic metamaterials, which have been rapidly developed in the past decade, provided new efficient solutions in low-frequency mechanical energy dissipations with resonant microstructures. Recently, nearly total sound absorption metamaterials have been designed at narrow-band frequencies by covering a stretched membrane over an air cavity [8, 9] . The peak-absorption frequency can also be tuned to even lower by attaching small mass blocks on the membrane, such that the device is compact with the thickness far less than the operating wavelength. After that, several other absorptive metamaterial designs have been suggested. For example, normal quarter-wavelength acoustic damping tubes were bended and coiled into coplanar ones [10] [11] [12] . The improved absorber becomes highly compact with the thickness around one percent of the peak-absorption wavelength. By packing together subwavelength resonators of different operating frequencies, sound damping structures that could work over the relatively broad frequency band have been achieved [13] [14] [15] . The coherent perfect absorption, originally found in optics, has recently been verified in acoustics [16, 17] . To totally absorb sounds incident from one side, the control wave with the same amplitude but opposite phase is used, propagating inversely from the other side. It has also been found that absorption coefficients can take any values from unity to zero, depending on the relative phase between the incident and control waves. Currently available metamaterial absorbers, including those mentioned above, tend to share certain characteristics that they work in narrow bands centered at multiple resonant frequencies. In addition, they are passive systems implying that the sound absorption ability will be not tunable once absorber samples are fabricated.
Tunable sound absorption using active materials and structures has been studied for a long time [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The active sound cancelation technique is the method for eliminating unwanted sounds by an additional feedforward control power source [18] . Active noise canceling technique is best suited for acoustic cavity and duct based systems, and for the periodic sounds than random ones. On the other hand, piezoelectric materials, which are compact, lightweight, and can be easily tuned by shunting circuits, have been extensively implemented for the damper design in structures, causing an essential change of dissipation capabilities. This technique has also been actively applied in lots of sound control applications. Passive sound absorbers combined with piezoelectric membranes can achieve the sound absorption at a single frequency controlled by a feedback loop [19] . Thin micro-perforated plates attached with piezoelectric patches and electrical circuits were suggested, where the sound absorption can be improved by tuning shunting circuits [20] . When the micro-perforated panel was made by flexible Polyvinylidene fluoride piezoelectric film, sound absorption could be also improved by using the shunt-damping technology [21] . Hybrid multilayered cells consisting of porous damping material and piezoelectric plate were investigated, in which active control has been proved to enhance sound transmission loss and absorption [22, 23] . Acoustic absorbing systems designed with active materials have shown great potentials in the damping enhancement. However, the tunable and broadband manipulation on sound absorption at extremely low frequencies has not been fully solved.
Recently, authors have proposed a different mechanism for broadband noise control based on adaptive metamaterials that involve piezoelectric materials with shunting circuits. When both negative capacitance and inductance are introduced into the circuit, the extremely wideband flexural wave bandgap has been created [28] . In the later study, we extended this concept to the acoustic-structural interaction system, and demonstrated that high sound transmission loss can be achieved in broadband frequency and angular spectrum [29] . In this work, we further apply the adaptive-metamaterial concept for the design of small-size active cells with broadband sound absorption at extremely low frequencies. In section 2, we first illustrate the design of the adaptive metamaterial. An analytical model considering the piezoelectricstructure-acoustic coupling is then developed for the theoretical estimation of the sound absorption. In section 3, numerical examples and discussions are provided, from which broadband sound absorptions at low frequencies are verified and physical mechanisms are explained. A brief summary is finally provided in section 4.
Analytical model of the adaptive metamaterial
2.1. Design of the adaptive metamaterial Figure 1 shows the schematic of the proposed adaptive metamaterial. The initial structure of the metamaterial consists of a circular aluminum membrane, enclosed with an air cavity of the 30 mm depth. The Young's modulus, Poisson's ratio and mass density for this aluminum membrane are selected as 70 GPa, 0.34, and 2730 kg m −3 , respectively. This initial construction possesses the hybrid resonance of acoustic-membrane interactions, which could produce complete sound absorptions at multiple isolated frequencies. The major advantage of the absorptive structure is the deep-subwavelength size with the thickness less than the operating wavelength by up to two orders of magnitude [8, 9] . In the current design, the active strategy, which has been widely implemented previously [19] [20] [21] [22] [23] , is employed to render tunable peak absorption frequencies as an attempt to extend the bandwidth of the total acoustic absorption. To this end, two piezoelectric films (PZT-5H) of thickness 0.2 mm with the shunting circuits are bonded on both sides of the aluminum membrane. Acoustic resistance and reactance of the system then become relevant to the shunting circuit, which will play a critical role to regulate the sound absorption performance. Furthermore, the membrane's mobility is constrained by the hybrid circuit shunted piezoelectric stack (PMN-0.33PT), one end of which is attached to the center of the membrane, while the other side is attached to a rigid cylinder fixed to the ground, which represents the fixed boundary condition. The piezoelectric stack with shunting circuits that involve negative capacitance and negative inductance could behave like an elastic spring with the frequency dependent stiffness [28, 29] . In our previous sound-reflection design [29] , the circuit parameters of the piezoelectric stack have been optimized so that the frequency dependent stiffness of the stack follows the high transmission-loss trajectory, giving rise to the giant sound reflection in both broad frequency and angular bands. In this work, the piezoelectric stack with shunting circuits is expected to function in the similar manner as tracing the peakabsorption trajectory for the broadband sound absorption.
It is important to develop a piezoelectric-structuralacoustic coupled model, which is necessary to discover the working mechanism of broadband sound absorption. Some simplifications have to be made in order to formulate theoretically the total acoustic impedance as well as acoustic absorption of the adaptive metamaterials. We divide the compound membrane into four circular regions with different inner and outer radii
as shown in figure 1 . The innermost part  ( ) r R 1 is the aluminum membrane of thickness 0.6 mm, which is constrained by the piezoelectric stack with a frequency dependent stiffness. The adjacent part
is the aluminum membrane of the same thickness without the attached stack. The third region
is the aluminum membrane of thickness 0.2 mm, which is covered on both sides with the piezoelectric film, and the remaining part
4 is the membrane uncovered by the piezoelectric film. Each region of the composite membrane is modeled as the homogeneous plate following the Kirchhoff plate equation. Note that effective material parameters of sandwiched aluminum and piezoelectric membranes in the third region, which is requested by the analytical model, will be provided in section 2.3. The Kirchhoff plate equation for the jth region ( j=1, 2, 3, 4) of the membrane that undergoes only the transverse displacement w j (r) is given by [30, 31] 
where
is the bending stiffness. The Young's modulus, Poisson's ratio, mass density, and thickness of the jth membrane region are represented respectively by E , j u , j r , j and h j . DP j that appears on the righthand side of equation (1) refers to acoustic load. Based on above simplification, we will establish an analytical model to formulate the total acoustic impedance of the composite structure, which has an explicit relation to sound absorption of the system.
Sound absorption of adaptive metamaterials
Consider a plane acoustic wave that is normally incident on the adaptive metamaterial. Assume the low-frequency scenario, where the air wavelength is much greater than the membrane diameter, so that one can only consider the lowest order flexural mode of the membrane. In addition, assume that acoustic pressure loads are same in all membrane regions, i.e.
Accordingly, the general solution to the flexuralwave equation  -=D ( ) ( ) w r k w r P B 4 4 can be written in the following form [30] (2), the transverse displacement in the jth region ( j=2, 3, 4) can be expressed as
are unknown coefficients to be determined from the continuity and boundary conditions. Particular attention is given to the innermost region  ( ) r R , 1 which is constrained by the piezoelectric stack that functions pertinently as the spring of the stiffness K .
s Note that effective spring coefficient K s of the stack is obtained as [28, 29] 
where h s is the height of the stack, and E p eff is effective where 1 According to equation (2) , the displacement solution in the region of  r R 1 is expressed as has been removed to ensure the finite solution at r=0.
At the interface r=R j ( j=1, 2, 3), the continuity conditions of the displacement, the slope, the radial bending moment, and the shear force, are listed respectively as The displacement and its slope are zero at the outermost boundary = r R , 4 leading to
By substituting displacement expressions (7) and (3) into the interface conditions (8)- (13), we can express all unknown coefficients ( ) a m n in terms of acoustic load DP. Acoustic impedance of the composite membrane can then be obtained
where w is the average displacement of the membrane, which is computed by integrating the displacement w j over the corresponding region ò ò We first evaluate the effective elastic constant of the piezoelectric film with the shunting circuit. Assume the plane-stress state for the thin piezoelectric film, which is placed on the x 1 -x 2 plane. The constitutive equation of the piezoelectric film is written as [34] g g where h m and
2 are the thickness and surface area of the piezoelectric film. Substitution of (20) into the third equation of (19) leads to the electric field E 3 that is written in terms of s 11 and s . 22 Using this expression to eliminate E 3 in the first two equations of (19), we get [34] where C m p is the capacitance of the piezoelectric film, given by
It is known that the constitutive relation that governs the plane-stress elasticity is given by By matching equations (21) and (23), we can retrieve the Young's modulus and Poisson ratio of the piezoelectric film as follows w According to the homogenization method, the average density of sandwiched aluminum and piezoelectric membranes follows 3 r a and r m are the densities of the aluminum and piezoelectric film. The overall bending stiffness of the sandwiched membrane is given by [36] where E a and u a denote the Young's modulus and Poisson's ratio of the aluminum membrane. The analytical model developed in this section will be used to design the metamaterial parameters and demonstrate the superior sound absorption. Note that the developed model, based on the theory of plate dynamics and piezoelectricity, serves specifically to our design, where equations are built and solved with real geometric and circuit parameters, aiming to provide a deep insight into the piezoelectric-structuralacoustic coupling. The model has related all microstructural parameters to the total acoustic impedance. Analytical solutions between circuit parameters and acoustic impedance will be presented in the following section.
Results and discussions
In this section, we characterize the sound absorption performance of adaptive metamaterials with different sets of circuit parameters. The shunting circuits are used in both piezoelectric membrane and piezoelectric stack, while their functions for monitoring sound absorption are different. Therefore, these will be examined in two separate systems, structured membranes with and without the piezoelectric stack. Material parameters of piezoelectric materials used in our model have been listed in table 1.
Let us first study the sound absorption of structured membranes without the piezoelectric stack. To dissipate the acoustic energy, it is necessary to introduce the resistor R m into the shunting circuit of piezoelectric membranes. Figure 2 (a) plots the absorption spectrum calculated by the analytical model in the case that the resistor with R m =180 Ω is only considered in the circuit. The result displays the maximum absorption coefficient 0.3 near the frequency 250 Hz. When a positive capacitance with C m =350 nF is added to the circuit, the absorption behavior becomes even worse, where the maximum damping coefficient decrease to less than 0.1. However, it is found that the nearly total absorption can be achieved by introducing the negative capacitance of C m =−350 nF, as evidenced in figure 2(a) . Note that finite element simulations of the practical structure are also conducted based on a commercial software package comsol Multiphysics, as plotted by the circles in figure 2(a) . The figure inset shows the pressure field and displacement profile of the structure at 256 Hz. The results support the assumptions made in the analytic model, which state that the membrane indeed undergoes the lowest order flexural motion, and acoustic pressures are uniformly distributed in the radial direction. Excellent agreements between numerical and theoretical results in three cases also validate the accuracy of the analytical model. The physical mechanism of the sound absorption enhancement with the negative capacitance can be understood from the absorption-impedance formulas of equation (18) . Figure 2(b) shows the contour plot of absorption coefficient α calculated based on equation (18) with different prescribed acoustic resistance R t and reactance X t . It is observed that the high acoustic absorption occurs in the region near the parameter set R t =1, X t =0, which describes the perfect impedance match to the airborne sound. Therefore, the circuit parameters should be modulated so that the resultant resistance-reactance trajectory of the absorptive metamaterial passes through that region. When  C 0, m R t is much less than one as shown in figure 2(c) , resulting in that the -R X t t path is far from the high-absorption zone ( figure 2(b) ). When the negative capacitance is considered, R t can be significantly enhanced, approaching the desired value = R 1 t at a specific frequency ( figure 2(c) ). Besides, the negative capacitance shows the weak influence on the acoustic reactance compared between the three cases, as illustrated in figure 2(d) . As a result, the corresponding -R X t t trajectory could go across the high-absorption zone, explaining the nearly total absorption in case of the negative capacitance C m =−350 nF. For further verification, the frequency response of acoustic resistance and reactance in a wide range of capacitance values   -C 400 nF 400 nF m are computed as shown in figures 3(a) and (b) respectively. Results confirm that the negative capacitance, which induces the significant enhancement of acoustic resistance, is necessary for the nearly perfect absorption in the narrow frequency band. figure 4(a) , where circuit parameters for the piezoelectric membrane are chosen as R m =55 Ω and C m =−400 nF. Note that effective stiffness will approach a larger negative value for a smaller | | C s in above three cases. Due to the negative-stiffness effect of the piezoelectric stack, the overall stiffness of the composite membrane will be reduced, accounting for the downward shifting of peak absorption frequency. The -R X t t trajectories corresponding to three cases are plotted in figure 4(b) . They all pass across the high-absorption zone centered at
Analytic predictions have the good agreement with simulation results. It is therefore concluded that the negative capacitance adhered to the stack plays the role of lowering the peak absorption frequency, meanwhile the nearly total acoustic absorption can be maintained.
Consider further that negative capacitance and inductance are both connected to the piezoelectric stack. In this case, the stack with shunting circuits behaves like an elastic spring whose effective stiffness varies with the frequency, as governed by equation (5) . In previous studies, the dispersive stiffness of the stack has been used to trace adaptively the high transmission-loss trajectory for the broadband sound insulation [29] . In the present study, the stack is expected to serve the broadband sound absorption. To this end, we calculate acoustic absorption for different stiffness coefficients as shown in figure 5(a) , in which R m =55 Ω and C m =−400 nF are used. The high-absorption trajectory is clearly seen with the frequency proportional to the stiffness. It is important to note that this desired high-absorption curve matches very well with the frequency dependent stiffness of piezoelectric stacks. Figure 5 dispersive stiffness of the stack with optimized circuit parameters = -C C 0.9925
The result in figure 5 (b) reveals that the high-absorption bandwidth can be indeed widened due to the adaptive stiffness of piezoelectric stack. Theoretical predictions have good match to simulation results of the actual structure; the latter shows the absorption coefficient over 0.8 in the frequency range 86-256 Hz with the relative bandwidth 1.0. The broadened absorption bandwidth can be also understood by the impedance result of adaptive metamaterials ( figure 5(c) ). It is seen in figure 5(d) that the -R X t t trajectory forms the J-shaped profile, so that more numbers of frequency points are distributed in the high absorption region. In another example, we have optimized a different set of circuit parameters R m =180 Ω,
s for pursuing higher absorption coefficients, but with a small decreasing of the absorption bandwidth. Corresponding results are provided in figure 6 with the similar fashion to figure 5 . The absorption coefficient of simulation results has reached 0.9 in the frequency range 112-236 Hz with the relative bandwidth 0.7. Note that the thickness of the adaptive meta-composite is 30 mm, which is nearly 1/65.6 wavelength of the band's center frequency 174 Hz. The presented results have clearly disclosed the working mechanism of the piezoelectric film and stack in achieving the broadband and low-frequency sound absorption. It can be found that the sound absorption frequency range can be flexibly tuned by the electric parameters of circuits shunted to piezoelectric elements, allowing for the optimization of the desired absorption behavior for any reasonable structural parameters, including membrane material and size parameters. The developed analytical model serves as an efficient tool for rapidly optimizing circuit parameters according to the high-absorption condition
Therefore, the design optimization of broadband absorptive metamaterials targeting practical applications can be anticipated in further study.
Conclusion
In our previous studies, we have proposed a new class of adaptive metamaterials that contain the piezoelectric stack with shunting circuits. The piezoelectric stack with both negative capacitance and inductance behaves like an elastic spring with effective stiffness that could change proportional to the excitation frequency. This adaptive stiffness effect can be employed to attain super broadband structure-borne bandgaps [28] , as well as broadband sound insulation in both frequency and angular spectrum [29] . The main contribution of this study is to demonstrate the application of the adaptive stiffness effect of piezoelectric stack on the design of broadband sound absorbing structure.
The base construction of the proposed absorptive metacomposite consists of a circular aluminum membrane enclosed with an air cavity. Two Piezoelectric films (PZT-5H) are bonded on both sides of the aluminum membrane. The hybrid shunted piezoelectric stack (PMN-0.33PT) supports the membrane's center with the other end fixed to the ground. An analytical piezoelectric-structural-acoustic coupled model has been developed for the evaluation of sound absorption of the meta-composite. It is found from the analytical model that high acoustic absorption occurs in the region near the impedance match point = R 1, t = X 0 t with respect to the When the electric circuit of piezoelectric film involves only the resistor, the -R X t t trajectory stays far from the matching point, leading to the weak sound absorption. The negative capacitance, which induces the significant enhancement of acoustic resistance R t , is necessary for the nearly total absorption in the narrow frequency band. To enlarge the high absorption bandwidth, circuit parameters of the piezoelectric stack are optimized so as to trace adaptively the peak-absorption trajectory. As a result, acoustic resistance-reactance path of the meta-composite has been reshaped so that more numbers of frequency points are distributed near the impedance matching point. Theoretical results have good agreements with numerical ones.
Our absorptive meta-composites are of deep subwavelength sizes and function as high acoustic absorption at low frequencies. One could achieve either tunable narrowband or broadband sound absorption by tuning circuit parameters of the piezoelectric film and stack online, without changing the geometric structure of absorptive metamaterials. The proposed adaptive metamaterials are practically realizable, and expected to pave a new route towards the tunable and broadband sound absorption at extremely low frequencies.
